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Abstract
We study rectangular timelike Wilson loops at long distances in the exact renormal-
ization group flow in the context of the holographic duality. We consider the 5d holo-
graphic model with an exponential dilaton potential constructed in [arXiv:1803.06764].
To probe the RG flow backgrounds at zero and finite temperatures we calculate the
minimal surfaces of the corresponding string worldsheets. We show that a holographic
RG flow at T = 0 ,that mimics QCD behaviour of the running coupling, has a confining
phase at long distances, while the RG flow with an AdS UV fixed point is non-confining.
1 Introduction
In the recent years the holographic correspondence [1]-[3] has been shown to be a very useful
tool to get theoretical insight into systems in the strongly coupling regime [4, 5]. In the
holographic prescription RG flows of field theories are realized as gravitational domain-wall
solutions interpolating between boundaries [6]-[9]. These boundaries of the solutions are
supposed to be related to fixed points of a dual field theory and should have particular
properties. The radial position in the bulk geometry corresponds to the energy scale, while
the dilaton is related to the running coupling[10]. Various non-perturbative phenomena
that are inaccessible in the dual field theory can be captured by the holographic RG flow
[11, 12]. There is a class of useful bottom-up holographic models [13, 14], that are of interest
because they can be studied analytically resembling features of the real QCD, in particular
the running coupling [15]-[16].
In [16] exact holographic RG flows for a model with the dilaton potential which represents
a sum of two exponential functions were constructed. The choice of the potential is motivated
by a possible supergravity embedding where exponential terms can be related with the
contribution of 0 -th forms [17]. In the context of the holographic RG flow the gravity
model with simple exponential was discussed in [18]. The model in [16] appears to be
solvable and can be reduced to A1 × A1 Toda chain. It was shown that the behaviour of
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the running coupling λ built on the analytic solutions can mimic that one we see in QCD.
Namely, one can observe an infinite value of λ in the IR region and an asymptotic freedom
in the UV limit. Moreover, for the finite temperature case the dependence of the free energy
on the temperature signalized the Hawking-Page phase transition. Hereby it is of interest
to perform the check if the confinement takes place for the backgrounds found in [16].
The Wilson loop represents one of criteria for studies of the IR region and manifests an
area law behaviour in the case of the confinement. Via the holographic approach Wilson
loops has been widely used to consider in different settings. Following [19]-[22] the holo-
graphic Wilson loops can be obtained minimising the world-sheet action of a string living in
the gravity background with endpoints on the boundary contour. Wilson loops in various
holographic RG flows were studied in [23]-[28]. In [23]-[26] Wilson loops were discussed in
holographic renormalization group flows in the framework of 5d gauged supergravities. In
[15, 27] holographic Wilson loops with different orientations were studied in the holographic
RG flows constructed for the spatially anisotropic model with quadratic dilaton and Maxwell
fields [15]. It was shown in [27] that the holographic model has a confinement phase and
the phase diagram includes both the Wilson transition and Hawking-Page phase transition
lines, which can have a common point. It is interesting to note that the dilaton potential
from [15] which is restored for their solutions has the same shape as the dilaton potential
considered in [16]. In [28] it was proposed a general method of Wilsonian renormalization
to a string stretched in the holographic RG flow background.
In this work we shall consider holographic time-like rectangular Wilson loops for the
backgrounds found in [16] that can be associated the holographic RG flows. We consider
both the case of zero and finite temperature. Using the method developed in [16, 29] based on
introducing the so-called effective potential Veff , we estimate the behaviour of holographic
Wilson loops at long distances. It is supposed that the confinement phase takes place when
Veff has a critical point. We show that Veff corresponding to the holographic RG flow at
T = 0 , which running coupling mimics the QCD behaviour, can indeed have a critical point
under certain constraints, i.e. this background has a confinement phase in the IR region.
The structure of the paper is organized as follows. In Sec. 2 we give an overview of
the model and the corresponding generic solutions. We also briefly discuss the asymptotic
behavior of the solutions at T = 0 . In Sec. 3 we explore holographic Wilson loops at zero
temperature. In Sec. 4 we describe the black hole solution in short and estimate the behaviour
of the Wilson loops in the holographic RG flows at finite temperature. In Appendix A we
present the useful relations for extremal points of Veff in the confining background at T = 0 .
2 The setup
2.1 The holographic model
Our starting point is a 5d holographic model [16] governed by an action of the form
S = 1
16piG5
∫
d5x
√
|g|
(
R− 4
3
(∂φ)2 − C1e2k1φ − C2e2k2φ
)
+G.H., (2.1)
where Ci , ki with i = 1, 2 are constants. We choose the constants C1 and C2 as follows
C1 < 0, C2 > 0. (2.2)
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Putting the constraint on the dilatonic constants as
k1 = k, k2 =
16
9k
, (2.3)
with 0 < k < 4/3 , one can reduce the model (2.1) to the A1 × A1 Toda chain [16]. The
general form of the solutions for EOM following from (2.1) is given by the metric
ds2 = F
8
9k2−16
1 F
9k2
2(16−9k2)
2
(
−e2α1udt2 + e− 2α
1
3
ud~x 2
)
+ F
32
9k2−16
1 F
18k2
16−9k2
2 du
2, (2.4)
where ~x = (x1, x2, x3) and the corresponding dilaton
φ = − 9k
9k2 − 16 logF1 +
9k
9k2 − 16 logF2. (2.5)
The functions F1 and F2 in (2.4)-(2.5) are given by
F1 =
√∣∣∣∣ C12E1
∣∣∣∣ sinh(µ1 |u− u01|), µ1 =
√∣∣∣∣3E12
(
k2 − 16
9
)∣∣∣∣, (2.6)
F2 =
√∣∣∣∣ C22E2
∣∣∣∣ sinh(µ2 |u− u02|), µ2 =
√√√√∣∣∣∣∣3E22
((
16
9
)2
1
k2
− 16
9
)∣∣∣∣∣, (2.7)
where 0 < k < 4/3 , C1 and C2 are given by (2.2).
We note that the constants of integration are relation by the zero energy constraint
E1 + E2 +
2(α1)2
3
= 0, (2.8)
with E1 < 0 , E2 > 0 and the value of E1 is bounded as |E1| = E2 + 2(α1)23 .
So the general case gives two classes of the solutions, namely, the solutions that possess the
Poincare´ invariance with the parameter α1 = 0 and those solutions with α1 6= 0 , i .e. that
doesn’t have the Poincare´ symmetry. From the solutions with the broken Poincare´ symmetry
we can construct regular black hole solutions, that the parameter α1 can be related to the
Hawking temperature.
Moreover, we also have constants of integration u01 , u02 , that split our solutions into
three charts : a)u < u02 ; b)u02 < u < u01 ; c)u > u01 ; we also aim to consider the
degenerate case with u01 = u02 = u0 . This special case leads to the vacua with the AdS
boundary in the UV limit.
We note that all branches of solutions with α1 = 0 are the Poincare´ invariant domain
walls, but not all of them can be interpreted as holographic RG flows. To see this, it’s
convenient to come to the domain wall coordinates, thus the metric takes the form
ds2 = e2A(w)
(−dt2 + dx21 + dx22 + dx23)+ dw2. (2.9)
We note that the change of the coordinates is given by
dw = F
16
9k2−16
1 F
9k2
16−9k2
2 du, (2.10)
3
so the scale factor is
A = 4
9k2 − 16 logF1 +
9k2
4(16− 9k2) logF2. (2.11)
The quantity eA is supposed to be associated with the energy scale of the dual theory, while
eφ is related to running coupling. So it supposed that eA should be monotonic.
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Figure 1: The behaviour of eA as a function on φ for solutions defined: a) on the region
(−∞, u02) with u02 = −1 ; b) (u02, u01) with u01 = 0, u02 = −1 ; c) (u01,+∞) with u01 = 0
by orange curves, the solution with u01 = u02 = 0 by the brown curve for E1 = −E2 = 0.01 .
For all plots we fix the potential k = 1 , C1 = −C2 = 1 , varying values of E1 = −E2 (labeled
as E on the plot), except the solution c) defined on (u0; +∞) .
From figure 1 a) we see that eA plotted for the left solution is non-monotonic, and
therefore it cannot be interpreted as a holographic RG flow. In what follows we skip the
discussion of this solution and its application. At the same time, one can observe from figs. 1
b) and c) that eA behaves monotonically both for the middle and the right solutions. The
case with an AdS boundary has also the monotonic scale factor as it can be seen from Fig. 1
c).
2.2 Boundaries of the holographic RG flows at zero temperature
Here we give a review of the boundaries of the middle and right solutions with α1 = 0 . As
we said before, these are Poincare´ invariant domain wall solutions, that can be considered
as holographic renormalization group flows at zero temperature.
The middle solution is defined on the region (u02, u01) . The metric and the dilaton
near the boundary with u→ u02 +  are
ds2 ∼ (µ2(u− u02))
9k2
2(16−9k2) (−dt2 + dx21 + dx22 + dx23) + (µ2(u− u02))
18k2
16−9k2 du2,
(2.12)
lim
u→u02−
φ ∼ − 9k
16− 9k2 log
(√
C2
C1
µ2 
sinh(µ1 (u01 − u02))
)
→ +∞. (2.13)
Taking into account the plot 1 b) we see that with the dilaton going to +∞ the energy
scale eA tends to 0 , so one can associate this boundary with the IR region. We note that
4
this boundary is a conformally flat spacetime, the sign of the scalar curvature depends on
the choice of the shape of the potential, i.e. the value of the dilaton coupling k [16].
Another boundary of the middle solution is this one near u01 . Here the metric reads
ds2 ∼ (µ1(u− u01))
8
9k2−16 (−dt2 + dx21 + dx22 + dx23) + (µ1(u− u01))
32
9k2−16du2, (2.14)
and the dilaton is
φu→u01+ ∼ −
9k
16− 9k2 log
(√∣∣∣∣C2C1
∣∣∣∣sinh(µ2 (u01 − u02))µ1 
)
→ −∞. (2.15)
This boundary is also conformally flat spacetime with the sign of the scalar curvature de-
pending on the value k . Looking on the plot 1 b) we see that the energy scale corresponding
to the middle solution goes to +∞ as the dilaton tends to −∞ . Thus, one can say that
the boundary near u01 is the UV limit and we see the asymptotic freedom near it.
Now we turn to the right solution that is defined for the region (u01,+∞) . The first
boundary of the right solutions is near u01 point and the asymptotics of the metric and the
dilaton coincide with those for the middle solution (2.14)-(2.15). With respect to Fig. 1 c)
we can also say that this boundary corresponds to the UV region.
For the other boundary with u→ +∞ the metric reads
ds2 ∼ e− 2µ1u4+3k (−dt2 + dx21 + dx22 + dx23)+ e− 8µ1u4+3kdu2, (2.16)
and the dilaton
φu→+∞ ∼ − 9k
16− 9k2
[
(µ2 − µ1)u+ 1
2
log |C2
C1
|
]
→ −∞. (2.17)
From Fig. 1c) we see that the scale factor goes to −∞ as the dilaton tends to −∞ and
we observe the IR free theory. We remind that the dilaton tends to −∞ near the other
boundary is well so the dilaton is bouncing. We note that the boundary of the right solution
with u→ +∞ is also a conformally flat spacetime with the positive curvature.
The special case of the solution defined on the region (u0,+∞) with the points
u01 = u02 = u0 is of particular interest.
The metric near the boundary with u→ u0 +  tends to be a 5d AdS spacetime
ds2 ∼
(
4
3k
) 9k2−16
2(16−9k2)
[µ1(u− u0)]− 12 (−dt2 + d~x2) +
(
4
3k
) 18k2
16−9k2
[µ1(u− u0)]−2du2, (2.18)
In (2.18) one can easily recognize the 5d AdS metric supported by the constant dilaton
φu→u0 ∼
9k
(16− 9k2) log
3k
4
+
9k
2(16− 9k2) log
∣∣∣C1
C2
∣∣∣, (2.19)
which coincides with the minimum of the potential.
Introducing a new conformal ”radial” coordinate as z = 4(u − u0)1/4 one represents the
solution in the Poincare patch
ds2 ∼ 1
z2
(−dt2 + dx21 + dx22 + dx23 + dz2), (2.20)
5
where z → 0 as u→ u0 .
To summarize, we have three holographic RG flows at zero temperature, namely:
1. the middle solution defined for u ∈ (u02, u01) interpolates between two different hy-
perscaling violating boundaries that can be associated with the weakly coupled UV
fixed point and the IR fixed point at strong coupling;
2. the right solution defined for u ∈ (u01,+∞) represents an RG flow with UV and
IR fixed points corresponding to a free theory. It also has two different hyperscaling
violating boundaries;
3. the special case defined for u ∈ (u02, u01) with u02 = u01 = u0 , when the solution in-
terpolates between AdS-boundary in the UV limit and hyperscaling violating boundary
in the IR limit.
We would like to note that the boundary near u01 corresponds to the UV region both
holographic RG flows defined on (u01, u02) and (u0,+∞) .
3 Wilson loops in holographic RG flow at zero T
The expectation value of the rectangular temporal Wilson loop of size T × ` is related with
the potential between a pair of quark and antiquark on a distance ` as
〈W 〉 ∼ e−Vqq¯(`)T . (3.1)
At the same time the holographic Wilson loop can be defined through the Nambu-Goto
action SNG of a string in a considered background [19, 20]
〈W (C)〉 ∼ e−SNG . (3.2)
So one can estimate the potential of the quark-antiquark interaction as
Vqq¯ =
1
T
SNG. (3.3)
The Nambu-Goto action is defined as
SNG = − 1
2piα′
∫
d2σ
√− deth, (3.4)
where we use the string frame for the induced metric
hαβ = e
4
3
φGµν∂αX
µ∂βX
ν , (3.5)
with the world-sheet coordinated σα , α = 0, 1 , and the embedding functions Xµ = Xµ(σα) .
In this section we discuss the Nambu-Goto action for the general solution (2.4) with
α1 = 0 in the domain wall coordinates (2.9). This corresponds to consideration of Wilson
loops in the holographic RG for the string configuration we choose the following gauge [19]
σ0 = t, σ1 = x1, w = w(x1), (3.6)
6
supposing that w(0) = w(`) = 0 , w
(
`
2
)
= w∗ .
Then the induced metric has the following form
ds2 = e
4
3
φ
(−e2Adt2 + (e2A + w′2)dx21) . (3.7)
The Nambu-Goto action in the string frame is related to introducing the dilaton multi-
plier in the following way
SNG = − 1
2piα′
∫
dx1dte
4φ
3
√
e2A(e2A + w′2). (3.8)
The equation for the turning point following from (3.8) reads
x′1 =
c
eA
√
e4A+
8
3
φ − c2
, (3.9)
where x′1 =
dx1
dw
and c is a constant ( c = e2A(w∗) ). Now it’s convenient to come to the
original u -coordinate using
x′1 =
dx1
dw
=
dx1
du
du
dw
= e−4Ax˙1, (3.10)
where we take into account (2.10)-(2.11) and denote x˙1 =
dx1
du
.
From (3.9)-(3.10) one can find the distance between quarks as
`
2
=
∫
du
ce3A√
e4A+
8
3
φ − c2
(3.11)
and for the Nambu-Goto action we have the following relation
SNG
2
=
T
2piα′
∫
du
e7A+
8φ
3√
e4A+
8φ
3 − c2
. (3.12)
Let us define the so-called effective potential with u′ = 0 [27, 29] as
Veff = e
2A+ 4
3
φ = F
4(2−3k)
9k2−16
1 F
3k(3k−8)
2(16−9k2)
2 . (3.13)
In terms of Veff the quark-antiquark distance can be presented as
`
2
=
∫
du e−2φ
Veff (u)
√
Veff (u)√
V 2eff (u)
V 2eff (u∗)
− 1
(3.14)
and the string action is given by
SNG
2
=
T
2piα′
∫
du
e−2φV 3eff (u)
√
Veff (u)√
V 2eff (u)− V 2eff (u∗)
. (3.15)
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Figure 2: Veff as a function of u for the holographic RG flows: a),b) defined on (u02;u01)
with u02 = −1 , u01 = 0 for small and big k , correspondingly ; c),d) defined on (u01; +∞)
with u01 = 0 for small and big k , correspondingly; e) with coinciding points u01 = u02 = 0 .
For all E1 = E2 = −1 , C1 = −C2 = −1 .
Remembering that the holographic RG flow is splitted into 3 branches one has to analyze
the behaviour of (3.13)-(3.15) for different regions. Meanwhile, one can see from (3.14)-(3.15)
that we have to require the function Veff to be decreasing on the region (u01, u∗) . It can
be also seen from (3.14)-(3.15) that to observe a confinement in the IR region, that implies
`→ +∞ with SNG → +∞ , Veff needs have a local minimum. Let’s suppose that
V ′eff (u)|u=umin = 0, V
′′
eff (umin) > 0. (3.16)
Then, expanding in the Taylor series at the point umin , with umin = u∗ one has
V 2eff (u)
V 2eff (umin)
= 1 +
V ′′(umin)
Veff (umin)
(u− umin)2 +O(u− umin)2. (3.17)
We note that the constraint V ′eff = 0 leads to the equation
2(2− 3k)cosh(µ1(u− u01))
sinh(µ1(u− u01)) − (3k − 8)
cosh(µ2(u− u02))
sinh(µ2(u− u02)) = 0, (3.18)
which we need to study separately for each holographic RG flow.
Below we study (3.14)-(3.18) for each case of the holographic RG flows.
1. For holographic RG flow defined on (u02;u01) (the middle solution ). The world-
sheet boundary is attached at u01 . The distance between quarks reads
`
2
=
∫ u01
u∗
du
c e−2φV 3/2eff√
V 2eff − V 2eff (u∗)
. (3.19)
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Figure 3: V ′eff as a function of u for the holographic RG flows: a),b) defined on (u02;u01)
with u02 = −1 , u01 = 0 ; c),d) defined on (u01; +∞) with u01 = 0 ; e) u01 = u02 = 0 . For
all we fix E1 = E2 = −1 , C1 = −C2 = −1 .
The string action is divergent at the UV boundary, the renormalized Nambu-Goto
action takes the form1
S renNG =
T
piα′
∫ u01
u∗
du
 e−2φV 7/2eff√
V 2eff − V 2eff (u∗)
− e−2φV 5/2eff
+ T
piα′
∫ u01−u(Λ)
u∗
du e−2φV 5/2eff ,
(3.20)
where u(Λ) < 0 and the singular term at the boundary u01 reads
lim
u→u01−
e−2φV 5/2eff ∼ (
√∣∣∣∣ C22E2
∣∣∣∣ sinh(µ2(u01 − u02))) 3k(15k−16)4(16−9k2) (
√∣∣∣∣ C12E1
∣∣∣∣(µ1(u− u01)) 4(5−3k)9k2−16 .
(3.21)
By virtue of (3.21) one can represent (3.21) in the following form
1here and what follows we use the approach discussed in [19] and generalized in [30]
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Figure 4: The solutions to the equation (3.18) defined on different regions: a) (u02, u01)
with u02 = −1 , u01 = 0 ; b) (u01,+∞) , u01 = 0 ; c) u01 = u02 = 0 .
SrenNG =
T
piα′
∫ u01
u∗
du
( e−2φV 7/2eff√
V 2eff − V 2eff (u∗)
− e−2φV 5/2eff
)
− T
piα′
2
√
3
(2− 3k)2√|C1|(
√
|C2|
2|E2| sinh(µ2(u01 − u02)))
3k(15k−16)
4(16−9k2) (
√
|C1|
2|E1|(µ1|u∗ − u01|)
(3k−2)2
9k2−16 .
(3.22)
We note that in the UV limit Veff |u→u01− tends +∞ for k < 2/3 and goes to 0
for k > 2/3 , while in the IR limit (u → u02 +  ) it always tends to +∞ for all k .
From figure 2 a) we see that the function Veff has one minimum, for small values k
( k < 2
3
). At the same time from figure 2 b) one can observe that for the same RG
flow with k > 2
3
Veff doesn’t have any extremal point, so V
′
eff 6= 0 . Indeed from
figures 3 a),b) and 4 a) one can see that equation (3.18), corresponding to the RG
flow on the region (u02;u01) , has one solution for k < 2/3 (see, fig. 3 a)), while for
k > 2
3
it does not have solutions (see, fig. 3 b)). Hereby,
• for k < 2/3 taking into account V ′eff (umin) = 0 and plugging (3.17) in (3.14)-
(3.15) the quark-anti-quark distance reads
`
2
=
∫ u01
umin
e−2φV 2eff (umin)du√
V ′′eff (umin)(umin − u)
∼ e
−2φ(umin)V 2eff (umin)√
V ′′eff (umin)
log(umin − u), (3.23)
and the Nambu-Goto action is given by
SNG =
∫ u(Λ)
umin
e−2φV 3eff (umin)du√
V ′′eff (umin)(umin − u)
∼ e
−2φ(umin)V 3eff (umin)√
V ′′eff (umin)
log(umin − u),
(3.24)
so `→ +∞ with SNG → +∞ as u→ umin . From (3.23)-(3.24) we have
SNG ∼ σ`, (3.25)
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with σ = Veff (umin) . So at large distance one has a linear growth of the heavy
quark potential.
• if k > 2/3 we have V ′eff 6= 0 according to figure 2 b) and we can not reach the
regime of large ` .
Therefore, one has a confinement phase for k < 2
3
and deconfinement phase for k > 2
3
.
We note that in [16] it was shown that the holographic RG flow defined on the region
(u02;u01) reproduces the QCD behaviour of the running coupling.
2. For the holographic RG flow defined on (u01; +∞) (the right solution) the world-
sheet boundary is attached at u01 again. The distance between quarks reads
`
2
=
∫ u∗
u01
du
c e−2φV 3/2eff√
V 2eff − V 2eff (u∗)
. (3.26)
The Nambu-Goto action is divergent near u01 boundary, after the renormalization one
has
S renNG =
T
piα′
∫ u∗
u01
du
 e−2φV 7/2eff√
V 2eff − V 2eff (u∗)
− e−2φV 5/2eff

+
T
piα′
2
√
3
(2− 3k)2√|C1|(
√
C2
2E2
sinh(µ2(u01 − u02)))
3k(15k−16)
4(16−9k2) (
√
|C1|
2|E1|(µ1|u∗ − u01|)
(3k−2)2
9k2−16 .
(3.27)
Veff |u→u01+ tends to +∞ for k < 2/3 and to 0 for k > 2/3 near the UV fixed
point. In the IR limit Veff goes to 0 for all k. In figure 2 c) we observe that Veff
doesn’t have any extremal points with k < 2
3
, i.e. V ′eff 6= 0 . For k > 23 figure 2 d)
shows that Veff has a maximum, so V
′
eff = 0 and V
′′
eff < 0 . In figures 3 c),d)
and 4 b) we present the solution to eq. (3.18) on the region (u01,+∞) . One can
see that there is no solutions for k < 2/3 , while for k > 2/3 there is one solution,
corresponding to maximum of Veff . So, one have the background is non-confining for
all values of 0 < k < 4/3 . This is in agreement with [16],where we have seen that the
RG flow defined on (u01,+∞) corresponds to the UV and IR free theory.
3. The special case (holographic RG flow with AdS boundary), u01 = u02 = u0 .
The worldsheet boundary is attached at u0 . The distance between quarks reads
`
2
=
∫ u∗
u0
du
c e−2φV 3/2eff√
V 2eff − V 2eff (u∗)
(3.28)
The string action is divergent at the UV boundary, the renormalized Nambu-Goto
action takes the form
SrenNG =
T
piα′
∫ u∗
u0
du
 e−2φV 7/2eff√
V 2eff − V 2eff (u∗)
− e−2φV 5/2eff
+ T
piα′
∫ u∗
u0−u(Λ)
du e−2φV 5/2eff .(3.29)
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Since we have
lim
u→u0+
e−2φV 5/2eff ∼ |C1|
2(5−3k)
9k2−16
(
4
3k
√
C2
) 3k(15k−16)
4(16−9k2)
(2E1)
5
8 (µ1(u− u0))− 54 , (3.30)
so one can represent the remormalized Nambu-Goto action in the following form
S renNG =
T
piα′
∫ u∗
u0
du
 e−2φV 7/2eff√
V 2eff − V 2eff (u∗)
− e−2φV 5/2eff

− T
piα′
|C1|
2(5−3k)
9k2−16
(
4
3k
√
C2
) 3k(15k−16)
4(16−9k2)
(2E1)
5
8
4µ
− 5
4
1
(u∗ − u0)1/4 . (3.31)
We note that Veff tends to +∞ as u→ u0 +  and to 0 with u→ +∞ for all k .
Figure 2 e) shows that Veff corresponding to this RG flow doesn’t have any extremal
points defined on (u0; +∞) for all values of 0 < k < 4/3 . This is confirmed by
solutions to eq. (3.18) in figures 3 e) and 4 c). So the holographic RG flow with an
AdS UV fixed point is also non-confining. It is consistent with an observation from
[16], where it was shown that the running coupling corresponding to this RG flow tends
to some finite value in the UV limit and to 0 in the IR region.
4 Wilson loops in the holographic RG flow at finite
temperature.
Now we turn to the discussion of the Wilson loops in the non-zero temperature background
found in [16]. It was shown that one can derive the black brane metric from the generic non-
Poincare´ invariant solutions with non-zero α1 (2.4)-(2.8) defined on the region (u01; +∞) 2.
It is reached taking µ1 = µ2 = −43α1 , that is possible for the non-Poincare´ invariant solutions
by virtue of the constraint (2.8). The black hole metric reads
ds2 = C X (u)
(
− e−2µudt2 + d~x2
)
+ C4X (u)4e−2µudu2, (4.1)
where X and C are given by
X = (1− e−2µu)− 816−9k2 (1− e−2µ(u−u02)) 9k
2
2(16−9k2) , (4.2)
C ≡ 2 16(16−9k2) (3µ) 12 |C1|
8
2(9k2−16)
(C2
k
e−2µu02
) 9k2
4(16−9k2)
(16− 9k2)− 14 (4.3)
and the corresponding dilaton is
φ =
9k
9k2 − 16 log
[
4
3k
√∣∣∣∣C2C1
∣∣∣∣sinh(µ(u− u02))sinh(µu)
]
, (4.4)
2without loss of generality we put u01 = 0 to obey f = 1 near u01
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Figure 5: The behaviour of eA as a function on φ for black holes defined on (u0,+∞) : a)
k < 2/3 is fixed ( k = 0.4 ) and α1 = −3
4
µ is varying; b) k > 2/3 is fixed ( k = 0.68 ) and
α1 is varying. For both plots we take C1 = −C2 = 1 .
which is convenient to represent in the following form
eφ =
(
4e−µu02
3k
√
C2
|C1|
) 9k
9k2−16 (
1− e−2µ(u−u02)) 9k9k2−16 (1− e−2µu)− 9k9k2−16 . (4.5)
The horizon of this black brane is located at u = +∞ and we reach the boundary at u = 0
with f = 1 , i.e. the black brane is defined for u ∈ (0; +∞) with u01 = 0 .
The Hawking temperature is given by
T =
1
2pi
µ
C3/2 . (4.6)
It is worth to be noting that the finite temperature generalization of the holographic RG
flow with an AdS boundary leads to the 5d AdS black hole [16].
In [16] it was shown that the solution (4.1)-(4.4) respects the Gubser bound [31]. We see
in figure 5 that eA is monotonic on φ and, hereby, it can be considered as a holographic RG
flow at finite temperature. From fig. 5 one can read that eA tends to +∞ at some some
small value of the dilaton corresponding the value of the dilaton on the boundary u = 0 .
So u = 0 is associated with the UV fixed point. In fig. 5 we see that we can not reach the
deep infrared region.
Now let us turn to the discussion of holographic Wilson loops in the background (4.1)-
(4.4). As for the zero-temperature case we consider the rectangular time-like Wilson loop of
size T × ` . The world-sheet boundary is attached at u = 0 . We choose the following gauge
for the string
σ0 = t, σ1 = x1, u = u(x1). (4.7)
The induced metric calculated with respect to (3.5) reads
ds2 = e
4
3
φ
(−CX e−2µudt2 + CX (1 + C3X 3e−2µuu′2)dx21) , (4.8)
where we denote u′ = du
dx1
.
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With (4.7-4.8) the Nambu-Goto action (3.4) can be represented as
SNG = − T
2piα′
∫
dx1e
4φ
3 CX e−µu
√
1 + C3X 3e−2µuu′2. (4.9)
The equation of motion for the turning point that follows from (4.9) reads
u′ = ±
√
C2X 2e 8φ3 e−2µu − c2
cC3/2X 3/2e−µu . (4.10)
The distance between two quarks is
`
2
=
∫ u∗
0
du
cC3/2X 3/2e−µu√
C2X 2e 8φ3 e−2µu − c2
. (4.11)
We consider the case when the turning point u∗ < uh .
The effective potential can be introduced as follows
Veff = CX e−µue 43φ
= Ce−µu
(
4
3k
√
C2
|C1|
) 12k
9k2−16 (
e−µu02
) 12k
9k2−16
(
1− e−2µ(u−u02)) 3k(8−3k)2(9k2−16) (1− e−2µu) 4(2−3k)9k2−16 .
(4.12)
The distance between quarks and the Nambu-Goto action can represented in terms of Veff
as
`
2
=
∫ u∗
0
du
e−2φe
µ
2
uVeff
√
Veff√
V 2eff (u)
V 2eff (u∗)
− 1
(4.13)
and
SNG = T
piα′
∫ u∗
0
du
e−2φe
µ
2
uV 3eff
√
Veff√
V 2eff (u)− V 2eff (u∗)
, (4.14)
correspondingly. As at T = 0 the string action (4.14) is divergent near the UV fixed point
u = 0 . The singular term near 0 reads
lim
u→0
C5/2X 5/2e 43φf ∼ C5/2
(
4
3k
√
C2
|C1|e
−µu02
) 12k
9k2−16 (
1− e2µu02) 3k(15k−16)4(16−9k2) (2µu) 4(3k−5)16−9k2 , (4.15)
so one can represent the renormalized Nambu-Goto action in the following form
SrenNG =
T
piα′
∫ u∗
0
du
 e−2φeµ2 uV 3eff√Veff√
V 2eff (u)− V 2eff (u∗)
− e−2φV 5/2eff f

+
T
piα′
C5/2
2µ
9k2 − 16
(2− 3k)2
(
4
3k
√
C2
|C1|e
−µu02
) 12k
9k2−16 (
1− e2µu02) 3k(15k−16)4(16−9k2) (2µu∗) (3k−2)29k2−16 .
(4.16)
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Figure 6: Veff as a function of u for the holographic RG flows at finite temperature: a),c)
we fix k varying α1 = −3
4
µ , b),d) we fix α1 = −3
4
µ varying k . For the left panel we put
k < 2/3 and for the right panel k > 2/3 . For all we take C1 = −C2 = −1 .
As for the case of zero temperature, one can see from (4.13)-(4.14) that Veff should be
a decreasing function on 0 < u < u∗ . To guarantee the presence of the confinement phase
one needs V ′eff = 0 at the point umin . This condition gives rise to the following equation(
4(2− 3k)
sinh(µu)
+
3k(8− 3k)
2 sinh(µ(u− u02)) + 16− 9k
2
)
Veff = 0, (4.17)
for u ∈ (0,+∞) .
We also note that near the UV boundary Veff |u→0+ → +∞ with k < 2/3 and tends
to 0 with k > 2/3 , at the same Veff goes to 0 as u→ +∞ (the IR boundary).
In figures 6 a),b) we show the dependence of Veff on u for the thermal case for values
of k < 2
3
. In fig. a) we keep the dilaton coupling as k = 0.4 and vary the value of the
parameter α1 = −3
4
µ related to the temperature, while in fig. b) we change the shape of the
dilaton potential at fixed temperature related to the parameter α1 . For both figures 6 a) and
b) we see that Veff is monotonically decreasing function and doesn’t have any minimum. In
figures 6 c),d) the behaviour of Veff for the thermal case with k >
2
3
is presented. Again,
we fix the parameter k changing α1 in fig. c) and, vise versa, in fig. d) one varies k at fixed
α1 . We observe that Veff for k > 2/3 has a maximum, i.e. V
′′
eff < 0 . In figures 7 and 8 we
present the behaviour V ′eff as a function of u and solutions to eq. (4.17), correspondingly.
We see that eq. (4.17) has a solution for k > 2
3
corresponding to a maximum of Veff . We
also see that at high temperatures and k ∼ 1 the function Veff is almost flat as it can be
see from figs. 6 c) and 7 c). So, the behaviour of Veff demonstrates that the thermal RG
flow is non-confining. It is interesting to note that in [16] we observed the Hawking-Page
phase transition for k > 2
3
. However, the phase diagram (F , T ) cannot be completed since
the free energy would be discontinuous at Tmax .
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Figure 7: V ′eff as a function of u for the holographic RG flows at non-zero temperature:
a),c) we fix k varying α1 = −3
4
µ , b),d) we fix α1 = −3
4
µ varying k . For the left panel
we put k < 2/3 and for the right panel k > 2/3 . For all C1 = −C2 = −1 .
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Figure 8: The solutions to the equation (4.17) defined on the region (0; +∞) .
5 Conclusion
In this paper we have analyzed the behaviour of Wilson loops at long distances in the
holographic renormalization group flows constructed in [16]. These backgrounds are domain
wall and black hole solutions to a 5d dilaton gravity model with an exponential potential. The
solutions depend on the parameters u01 and u02 , that yield to different RG flows defined on
regions (u01, u02) , (u01,+∞) , interpolating between boundaries with hyperscaling violation,
and a special case defined on (u0,+∞) (u01 = u02 ) with an AdS boundary. We have
analyzed holographic rectangular time-like Wilson loops at zero and finite temperatures.
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In the case of T = 0 we have shown that the quark-antiquark potential grows linearly at
large ` for the holographic RG flow defined on domain (u01, u02) , so there is a confinement
phase for certain values of the dilaton coupling constant. This is consistent with the obser-
vation from [16], where it was seen that the dependence of the running coupling λ = eφ on
the energy scale eA for this RG flow mimics the QCD behaviour. The long distance Wilson
loops calculated in two others holographic RG flows at zero temperature have shown that
these backgrounds are non-confining. It confirms the observations from [16] where it was
pointed the corresponding running couplings of these theories are both UV and IR free.
In the thermal case we have shown that the corresponding RG flow background is in
deconfined phase. However, it should be noted that the dependence of the energy scale on
the dilaton (see fig. 5) has been indicated that we can not achieve the deep IR.
It would be interesting to perform more careful analysis of the quark-antiquark potential
for the confining case. In particular, it is relevant to find out if there any possibility for
tuning of the background to reproduce the Cornell potential. Another relevant issue is to
compute the Regge spectrum of the holographic mesons.
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A Expansion near u02 and u01
Here we discuss the holographic RG flow (2.4)-(2.5) with α1 = 0 defined on the region
(u02, u01) .
• Let us perform expansion of A end φ near u02 .
The scale factor A (2.11) near u02 one has
A ∼ 4
(9k2 − 16) log a0 −
9k2
4(9k2 − 16) log(a1(u− u02)) +O((u− u02)
2), (A.1)
with
a0 =
√
| C1
2E1
| sinh(
√
|3E1
2
(k2 − 16
9
)|(u01 − u02)), a1 = 2
3
√
|C2 9k
2 − 16
3k2
|. (A.2)
The expansion of the dilaton near the point u02 we have
φ ∼ − 9k
9k2 − 16 log a0 +
9k
9k2 − 16 log(a1(u− u02)) +O((u− u02)
2). (A.3)
17
Combing the expression for A and φ one has
e3A ∼ a
12
9k2−16
0 (a1(u− u02))−
27k2
4(9k2−16) , (A.4)
e4A+
8
3
φ ∼ a
8(2−3k)
9k2−16
0 (a1(u− u02))
3k(8−3k)
9k2−16 , (A.5)
e7A+
8
3
φ ∼ a
4(7−6k)
9k2−16
0 (a1(u− u02))
3k(32−21k)
4(9k2−16) . (A.6)
Plugging (A.4)-(A.6) in (3.19)-(3.22) and integrating one obtains
SNG
2
=
a
4(7−6k)
9k2−16
0 (9k
2 − 16)(a1(u∗ − u02))
3(32−21k)k
36k2−64 +1
√
a
8(2−3k)
9k2−16
0 (a1(u∗ − u02))
3(8−3k)k
9k2−16 − c
c2(3k − 8)(9k − 8)
× 2F1
(
1,
5
4
− 2
3k
;
7
4
− 2
3k
;
1
c
a
8(2−3k)
9k2−16
0 (a1(u∗ − u02))
3(8−3k)k
9k2−16
)
, (A.7)
while the quark-antiquark distance reads
`
2
=
4(9k2 − 16)
c(9k2 − 64)a
12
9k2−16
0 (a1(u∗ − u02))
27k2
64−36k2 +1
√
a
8(2−3k)
9k2−16
0 (a1(u∗ − u02))
3(8−3k)k
9k2−16 − c
× 2F1
1, 1
4
− 2
3k
;
3
4
− 2
3k
;
a
8(2−3k)
9k2−16
0
c
(a1(u∗ − u02))
3(8−3k)k
9k2−16
 . (A.8)
• The expansion near u01 of the scale factor and the dilaton read
A ∼ 4
(9k2 − 16) log(b0(u− u01))−
9k2
4(9k2 − 16) log b1 +O((u− u01)
2), (A.9)
φ ∼ − 9k
9k2 − 16 log(b0(u− u01)) +
9k
9k2 − 16 log b1 +O((u− u01)
2), (A.10)
where
b0 =
1
2
√
3|C1(k2 − 16
9
)|, b1 =
√
| C2
2E2
| sinh(2
3
√
2
3
u02
√
|E2(16
k2
− 9)|). (A.11)
Then we have
e3A ∼ (b0(u− u01))
12
9k2−16 b
− 27k2
4(9k2−16)
1 , (A.12)
e4A+
8
3
φ ∼ (b0(u− u01))
8(2−3k)
9k2−16 b
3k(8−3k)
9k2−16
1 , (A.13)
e7A+
8
3
φ ∼ (b0(u− u01))
4(7−6k)
9k2−16 b
3k(32−21k)
4(9k2−16)
1 . (A.14)
Inserting (A.12)-(A.14) in the expression for ` and integrating one gets (3.19)
`
2
= − 9k
2 − 16
(9k2 − 4)b0 b
− 27k2
4(9k2−16)
1 (b0(u∗ − u01))
12
9k2−16 +1
√
b
3k(8−3k)
9k2−16
1 (b0(u∗ − u01))−
8(3k−2)
9k2−16 − 1
× 2F1
(
1,
(2− 3k)
8
;−3(k − 2)
8
;
1
c2
b
3k(8−3k)
9k2−16
1 (b0(u∗ − u01))
8(2−3k)
9k2−16
)
. (A.15)
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Doing the same for the string action SNG (3.22) we have
SNG = −(9k
2 − 16)b
4(7−6k)
9k2−16
0 b
3k(32−21k)
4(9k2−16)
1
3(k − 2)(3k − 2)c (u∗ − u01)
3(k−2)(3k−2)
9k2−16
√
1
c2
b
3k(8−3k)
9k2−16
1 (b0(u∗ − u01))−
8(3k−2)
9k2−16 − 1
× 2F1
(
1,
5
4
− 3k
8
;
7
4
− 3k
8
;
1
c2
b
3k(8−3k)
9k2−16
1 (b0(u∗ − u01))
8(2−3k)
9k2−16
)
. (A.16)
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